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Abstract
We prove that the solutions of the three-dimensional viscous Camassa–Holm equations with periodic boundary
conditions are analytic in time with values in a Gevrey class of functions (for the space variable).
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1. Notation and the main result
We consider three-dimensional viscous Camassa–Holm equations on Ω = [0, 2π ]3,
∂(α20u − α21∆u)
∂t
− ν∆(α20u − α21∆u) − u × (∇ × (α20u − α21∆u)) +
1
ρ0
∇ p = f, (1.1)
∇ · u = 0, (1.2)
u(x, 0) = u0(x), (1.3)
where u(x1, x2, x3, t) is the velocity of the fluid at point x = (x1, x2, x3) at time t , pρ0 = πρ0 +
α20 |u|2 − α21(u · ∆u) is the modified pressure, ν > 0 is the constant viscosity and ρ0 is a constant
density; the function f is a given body forcing. α0 > 0, α1 ≥ 0 are scale parameters; in this
note we always assume that α1 > 0. The equations (1.1)–(1.3) are supplemented with the periodic
boundary conditions: u and p are periodic in each direction with period 2π . We make the assumption
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that
∫
Ω f dx =
∫
Ω u0dx = 0. Taking (1.2) into account, after integration by parts from (1.1) we
get
∫
Ω udx = 0. Let C∞per(Ω)3 denote the space of all Ω-periodic, C∞ vector fields defined on Ω .
V = {Φ ∈ C∞per(Ω)3;
∫
Ω Φdx = 0,∇ · Φ = 0}; let H and V be the closure of V in L2(Ω)3 and H 1(Ω)3
respectively. We denote by (·, ·) and | · | the scalar product and norm in H , by ((·, ·)) and ‖ · ‖ the
scalar product and norm in V . P is the Leray projector, A = P(−∆) is the abstract Stokes operator
with domain D(A) = H 2(Ω)3⋂ V ; we know that in space periodic boundary conditions A = −∆|D(A)
is a self-adjoint positive operator which is an isomorphism from V to V ′(the dual of V ). Hence A has
eigenvalues {λ j }∞j=1 such that 0 < λ1 ≤ λ2 ≤ · · · ≤ λ j → ∞.
Following the notation of the Navier–Stokes equations, we set
b(u, v,w) =
∫
Ω
(u · ∇v) · wdx, B(u, v) = P(u · ∇v), B(v)u = B(u, v),∀u, v,w,∈ V .
We denote by B∗(v) the adjoint operator of B(v), and
(B(v)u, w) = (u, B∗(v)w), B˜(u, v) = (B(v) − B∗(v))u,∀u, v,w,∈ V .
Using the notation above, the viscous Camassa–Holm equations can be written as abstract equations
for u:
∂(α20u + α21 Au)
∂t
+ νA(α20 + α21 A)u + B˜(u, α20u + α21 Au) = f, (1.4)
u(x, 0) = u0(x). (1.5)
The viscous Camassa–Holm equations (1.1)–(1.3) were introduced in [1]; see also [2,3]. In [2],
Foias, Holm and Titi have proved that for any T > 0 the Eqs. (1.4), (1.5) have a unique solution
u ∈ L∞loc((0, T ); H 3(Ω)3) for initial data u0 ∈ V and f ∈ H . By arguments similar to those of [2],
we find more regular solutions of (1.4), (1.5) for more smooth initial data u0, i.e.,
u ∈ L∞([0,∞); D(A)) for u0 ∈ D(A), u ∈ L∞([0,∞); D(A 32 )) for u0 ∈ D(A 32 ).
There exist constants M∗ depending on |Au0|2 for the case u0 ∈ D(A) and M∗∗ depending on |A 32 u0|2
for the case u0 ∈ D(A 32 ) such that for almost all time t
α20‖u(t)‖2 + α21|Au(t)|2 ≤ M∗, α20 |Au(t)|2 + α21|A
3
2 u(t)|2 ≤ M∗∗. (1.6)
Using Fourier series expansions, we can identify H with the space of functions u satisfying
u =
∑
j∈Z3
u j ei j ·x , u j ∈ C3, u− j = u¯ j , u0 = 0, (1.7)
j · u j = 0,∀ j and
∑
j∈Z3
|u j |2 = 1
(2π)3
|u|2 < ∞. (1.8)
For α > 0, we consider the domain of the powers of A, Aα, which is the set of functions u of the form
(1.7), (1.8) such that (2π)3∑ j∈Z3 | j |2α|u j |2 = |Aαu|2 < ∞. For τ, s > 0, the Gevrey class D(eτ As )
is the set of functions u satisfying (1.7), (1.8) and (2π)3∑ j∈Z3 e2τ | j |2s |u j |2 = |eτ As u|2 < ∞. We
denote by (·, ·)τ , | · |τ the scalar product and norm in D(eτ A
1
2
), which are defined by (eτ A
1
2 ·, eτ A
1
2 ·) and
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|eτ A
1
2 · |, while ((·, ·))τ and ‖ · ‖τ denote the scalar product and norm in D(eτ A
1
2 A
1
2 ), which are defined
as ((eτ A
1
2 ·, eτ A
1
2 ·)) and ‖eτ A
1
2 · ‖.
Theorem 1.1. Let f ∈ D(eσ A
1
2
) for some σ > 0.
(a) Assume that u0 ∈ D(A); then there exists constant T ∗ satisfying the following.
1. The function t −→ eϕ(t)A
1
2 Au(t) with values in H is analytic in a neighborhood of (0, T ∗) in the
complex plane with ϕ(t) = min(t, σ ).
2. There exists σ ∗ > 0 such that the function t −→ eσ ∗ A
1
2 Au(t) with values in H is analytic in a
neighborhood of (
√
2
2 T
∗,∞) in the complex plane.
(b) Assume that u0 ∈ D(A 32 ); then there exists T ∗∗ satisfying the following.
3. The function t −→ eϕ(t)A
1
2 A
3
2 u(t) with values in H is analytic in a neighborhood of (0, T ∗∗) in
the complex plane with ϕ(t) = min(t, σ ).
4. There exists σ ∗∗ > 0 such that the function t −→ eσ ∗∗ A
1
2 A
3
2 u(t) with values in H is analytic in
a neighborhood of (
√
2
2 T
∗∗,∞) in the complex plane.
2. Proof of Theorem 1.1
We start with a Lemma, the proof of which is similar to that in [4] or [5].
Lemma 2.1. Let u, v,w be given in D(eτ A
1
2 A), τ > 0, w ∈ D(eτ A
1
2 A2) in (2.2); then
|(B˜(u, v), Aw)τ | ≤ c|A 12 u|
1
2
τ |Au|
1
2
τ |A 12 v|τ |Aw|τ , c is a constant. (2.1)
|(B˜(u, v), A2w)τ | ≤ c|A 12 u|
1
2
τ |Au|
1
2
τ |A 12 v|τ |A2w|τ , c is a constant. (2.2)
Proof.
(B˜(u, v), Aw)τ = (B(u, v), Aw)τ − (B(e2τ A
1
2 Aw, v), u). (2.3)
We set u = ∑ j∈Z3 u j ei j ·x , u∗ = ∑ j∈Z3 u∗j ei j ·x , u∗j = eτ | j |u j , and use the same notation for v and w.
Let j, k, l ∈ Z3, we have
(B(u, v),w) = (2π)3i
∑
l∈Z3
∑
j+k=l
(u j · k)(vk · w¯l), (2.4)
(B(u, v), Aw)τ = (2π)3i
∑
l∈Z3
∑
j+k=l
(u j · k)(vk · w¯l)|l|2e2τ |l|
= (2π)3i
∑
l∈Z3
∑
j+k=l
(u∗j · k)(v∗k · w¯∗l )|l|2eτ(|l|−| j |−|k|). (2.5)
(B(e2τ A
1
2 Aw, v), u) = (2π)3i
∑
l∈Z3
∑
j+k=l
(w j · k)(vk · u¯l)| j |2e2τ | j |
= (2π)3i
∑
l∈Z3
∑
j+k=l
(w∗j · k)(v∗k · u¯∗l )| j |2eτ(| j |−|k|−|l|). (2.6)
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Since |l| − | j | − |k| = | j + k| − | j | − |k| ≤ 0, we obtain from (2.5) that
|(B(u, v), Aw)τ | ≤ (2π)3
∑
l∈Z3
∑
j+k=l
|u∗j ||k||v∗k ||w∗l ||l|2 =
∫
Ω
ξ(x)φ(x)ψ(x)dx, (2.7)
where
ξ(x) =
∑
j∈Z3
u∗j ei j ·x , φ(x) =
∑
k∈Z3
|k||v∗k |eik·x , ψ(x) =
∑
l∈Z3
|l|2|w∗l |eil·x .
In view of the Agmon inequality, we get from (2.7) that
|(B(u, v), Aw)τ | ≤ |ξ |L∞|φ|L2|ψ|L2 ≤ c|A
1
2 ξ | 12 |Aξ | 12 |φ|L2 |ψ|L2,
where c is a constant. Through calculation we know that
|(B(u, v), Aw)τ | ≤ c|eτ A
1
2 A
1
2 u| 12 |eτ A
1
2 Au| 12 |eτ A
1
2 A
1
2 v||eτ A
1
2 Aw|. (2.8)
Since | j | − |k| − |l| = | j | − |k| − | j + k| ≤ 0, we have from (2.6) that
|(B(e2τ A
1
2 Aw, v), u)| ≤ (2π)3
∑
l∈Z3
∑
j+k=l
|w∗j ||k||v∗k ||u∗l || j |2. (2.9)
Using the same method as we used to deal with (2.7), we obtain
|(B(e2τ A
1
2 Aw, v), u)| ≤ c|eτ A
1
2 A
1
2 u| 12 |eτ A
1
2 Au| 12 |eτ A
1
2 A
1
2 v||eτ A
1
2 Aw|. (2.10)
From (2.8) and (2.10) we get (2.1). And
(B˜(u, v), A2w)τ = (B(u, v), A2w)τ − (B(e2τ A
1
2 A2w, v), u), (2.11)
(B(u, v), A2w)τ = (2π)3i
∑
l∈Z3
∑
j+k=l
(u j · k)(vk · w¯l)|l|4e2τ |l|, (2.12)
(B(e2τ A
1
2 A2w, v), u) = (2π)3i
∑
l∈Z3
∑
j+k=l
(w j · k)(vk · u¯l)| j |4e2τ | j |. (2.13)
In similar manner to the one we used going from (2.5) to (2.10), we get (2.2). The proof is completed.
In order to prove the analytic property stated in Theorem 1.1, we will work in the complex framework.
We consider a complex time ξ ∈ C and a complex function u; we still denote by H the complexified space
of H , and we keep the same notation for the scalar product and norm and for the extensions of A and
B(u, v) to this space.Ru and Iu will denote the real part and the imaginary part of a complex function u.
For a complex time ξ = seiθ , s > 0, θ ∈ [−π2 , π2 ], we set ϕ(s cos θ) = min(Rξ, σ ) = min(s cos θ, σ ).
Eqs. (1.1)–(1.3) with periodic boundary conditions are just written as
∂(α20u + α21 Au)
∂ξ
+ νA(α20 + α21 A)u + B˜(u, α20u + α21 Au) = f, (2.14)
u(x, 0) = u0(x). (2.15)
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Now for ξ = seiθ , s > 0, cos θ > 0, we take the scalar product of (2.14) with Au(seiθ ) in
D(eϕ(s cos θ)A
1
2
), multiply the equation with eiθ and then take its real part; we obtain
Reiθ
(
∂(α20u + α21 Au)
∂ξ
, Au(seiθ )
)
ϕ(s cos θ)
+ νReiθ (A(α20 + α21 A)u, Au)ϕ(s cos θ)
= Reiθ ( f, Au(seiθ ))ϕ(s cos θ) −Reiθ (B˜(u, α20u + α21 Au), Au)ϕ(s cos θ). (2.16)
There are four terms in (2.16); we will deal with each of them. For the first term,
Reiθ
(
eϕ(s cos θ)A
1
2 ∂(α
2
0u(se
iθ ) + α21 Au(seiθ ))
∂ξ
, eϕ(s cos θ)A
1
2 Au(seiθ )
)
= 1
2
d(α20‖u‖2ϕ(s cos θ) + α21 |Au|2ϕ(s cos θ))
ds
−Rα20ϕ′(s cos θ) cos θ(Au, A
1
2 u)ϕ(s cos θ)
−Rα21ϕ′(s cos θ) cos θ(A
3
2 u, Au)ϕ(s cos θ)
≥ 1
2
d(α20‖u‖2ϕ(s cos θ) + α21 |Au|2ϕ(s cos θ))
ds
− ν cos θ
4
(α20|Au|2ϕ(s cos θ) + α21 |A
3
2 u|2ϕ(s cos θ))
− 1
ν cos θ
(α20‖u‖2ϕ(s cos θ) + α21 |Au|2ϕ(s cos θ)). (2.17)
And for the second term,
Rνeiθ (A(α20 + α21 A)u(seiθ), Au(s cos θ))ϕ(s cos θ)
= ν cos θ(α20 |Au|2ϕ(s cos θ) + α21 |A
3
2 u|2ϕ(s cos θ)). (2.18)
We set
K ′′ = min


2| f |2
ϕ(s cos θ)
να20 cos θ
,
2|A −12 f |2
ϕ(s cos θ)
να21 cos θ

 , K ′ = min
{
4| f |2σ
να20
,
4| f |2σ
να21λ1
}
. (2.19)
Taking (2.1) and the Young inequality into account, we find
Reiθ ( f, Au)ϕ(s cos θ) +Reiθ (B˜(u, α20u + α21 Au), Au)ϕ(s cos θ)
≤ K ′′ + ν cos θ
8
(α20 |Au|2ϕ(s cos θ) + α21 |A
3
2 u|2ϕ(s cos θ)) +
ν cos θ
8
(α20 |Au|2ϕ(s cos θ)
+α21 |A
3
2 u|2ϕ(s cos θ)) +
54c4
(ν cos θ)3
α20‖u‖6ϕ(s cos θ) +
54c4
(ν cos θ)3λ1
α21|Au|6ϕ(s cos θ), (2.20)
and we have from (2.16)–(2.18) and (2.20) that
d
ds
(α20‖u‖2ϕ(s cos θ) + α21|Au|2ϕ(s cos θ)) + ν cos θ(α20 |Au|2ϕ(s cos θ)
+α21 |A
3
2 u|2ϕ(s cos θ)) ≤ 2K ′′ +
2
ν cos θ
(α20‖u‖2ϕ(s cos θ) + α21 |Au|2ϕ(s cos θ))
+ 108c
4
(ν cos θ)3
α20‖u‖6ϕ(s cos θ) +
108c4
(ν cos θ)3λ1
α21|Au|6ϕ(s cos θ).
(2.21)
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If we restrict ourselves to θ ∈ [−π4 , π4 ], cos θ ≥
√
2
2 , and set
y(s) = 1 + α20‖u‖2ϕ(s cos θ) + α21 |Au|2ϕ(s cos θ), K = 2K ′ +
4
ν
+ 432c
4
ν3α40
+ 432c
4
λ1ν3α41
, (2.22)
we obtain
dy
ds
≤ K y3. (2.23)
This implies that
y(s) = 1 + α20‖u‖2ϕ(s cos θ) + α21 |Au|2ϕ(s cos θ) ≤ 2y(0) = 2 + 2(α20‖u0‖2 + α21 |Au0|2), (2.24)
s ≤ T ∗1 =
1
2K
(1 + α20‖u0‖2 + α21 |Au0|2)−2,
√
2
2
≤ cos θ ≤ 1. (2.25)
This means that u(seiθ ) ∈ D(eϕ(s cos θ)A
1
2 A) in the angular region of C given by (2.25). From (2.24),
(2.25), we can repeat what was done above at any time t0 and we find that
α20‖eσ
∗ A
1
2
u(seiθ + t0)‖2 + α21 |eσ
∗ A
1
2 Au(seiθ + t0)|2 ≤ 1 + 2M∗2,
for 0 ≤ s ≤ T ∗,
√
2
2
≤ cos θ ≤ 1,
(2.26)
where T ∗ = 1
2K
(1 + M∗2)−2 and σ ∗ = ϕ
(√
2
2
T ∗
)
= min
(√
2
2
T ∗, σ
)
. (2.27)
In particular, if ξ = seiθ =
√
2
2 T
∗ + iβ, |β| ≤
√
2
2 T
∗
, we obtain
α20
∥∥∥∥∥eσ ∗ A
1
2
u
(√
2
2
T ∗ + iβ + t0
)∥∥∥∥∥
2
+ α21
∣∣∣∣∣eσ ∗ A
1
2 Au
(√
2
2
T ∗ + iβ + t0
)∣∣∣∣∣
2
≤ 1 + 2M∗2. (2.28)
Since t0 ≥ 0 is arbitrary it follows that
α20‖eσ
∗ A
1
2
u(ξ)‖2 + α21 |eσ
∗ A
1
2 Au(ξ)|2 ≤ 1 + 2M∗2, (2.29)
where
ξ ∈
{
ξ : Rξ ≥
√
2
2
T ∗, |Iξ | ≤
√
2
2
T ∗
}
. (2.30)
This completes the proof of (a) in Theorem 1.1. To prove (b) we assume that u0 ∈ D(A 32 ) and take the
scalar product of (2.14) with A2u(ξ) in D(eϕ(s cos θ)A
1
2
) and take its real part; we will get an ordinary
equation similar to (2.21) for α20|Au|2ϕ(s cos θ)+α21 |A
3
2 u|2
ϕ(s cos θ) and then we use (1.6). Arguments similar
to the above lead to (b), with T ∗∗ = 12K (1 + M∗∗2)−2 and σ ∗∗ = ϕ(
√
2
2 T
∗∗) = min(
√
2
2 T
∗∗, σ ).
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